In a series of papers by Hill and co-workers, a number of exact integrals are derived for plane strain, plane stress, and axially symmetric deformations of an isotropic, incompressible Varga elastic material. Here we show for more general plane strain deformations with transverse stretch that the angle ψ appearing in these integrals is, in fact, the local rigid-body rotation angle in the polar decomposition of the deformation gradient. The result is independent of any internal constraint and of the particular constitutive description of the material response for which the general first integrals were obtained. This physical identification of ψ will greatly assist in terms of exploiting these integrals for the subsequent solution of practical problems. It is also shown that the general integrals do not include a non-homogeneous, local simple shear deformation.
Introduction
Thirty years ago, Fosdick and Schuler (1) showed that, besides homogeneous deformations, the only controllable non-homogeneous plane strain deformations with uniform transverse stretch that may be produced in every homogeneous, incompressible, isotropic elastic material are those contained among four of the five families of known universal deformations. Of course, a plane strain deformation without transverse stretch is included. Consequently, any new non-homogeneous plane strain solutions of the equilibrium equations, without body force, cannot be universal; for, these solutions, when any exist, are necessarily obtained only for special varieties of materials for which the response functions are known. For hyperelastic materials, this requires the specification of a specific strain-energy function. In years that followed, several examples of problems of this kind have been studied mainly for neo-Hookean and Mooney-Rivlin materials, which for plane strain deformations are indistinguishable. In a recent paper, Polignone Warne and Warne (2) use a novel approach to obtain for a Mooney-Rivlin material the only solutions for a certain class of non-homogeneous plane strain deformations in cylindrical coordinates. They find only three previously known solutions; two being known universal solutions and one being a non-universal solution obtained earlier by Hill (3) . The reader is referred to (2) for details and for a summary of previous work on plane strain solutions for neo-Hookean, Mooney-Rivlin and Varga material models, including several earlier articles by Hill and co-workers. Many additional general solutions for the Varga material model are derived in several joint papers by Arrigo, Cox, and Hill (4 to 8). The physical interpretation of the deformations obtained, however, usually is made difficult because of their complexity.
The majority of exact solutions arising in finite elasticity apply only to special geometries and have been deduced by a semi-inverse procedure so that, with a particular physical problem in mind, a solution is sought which is compatible with the overall physical constraints. The semi-inverse method has been similarly applied in search of non-universal solutions of the equilibrium equations for specified material models. Some of these results are discussed in (2) . In a series of papers by Hill and co-workers (4 to 8), a great many new exact solutions for an isotropic, incompressible Varga material are determined by means of a number of exact integrals of the equilibrium equations. For many of these exact solutions, the actual physical problem to which they correspond is by no means apparent. Here we provide a physical interpretation of one of the solution parameters that appears in these general plane strain solutions. For slightly more general plane strain deformations with transverse stretch, we show in this note that a certain angle ψ appearing in these integrals is, in fact, the local rigid-body rotation angle in the polar decomposition of the deformation gradient. Consequently, this physical identification of ψ will assist in formulating a physical picture of many of the resulting exact solutions. Our result is independent of any internal constraint and of the particular constitutive description of the material response for which the general first integrals were obtained; it is purely kinematical. We recall that a simple shear is a plane strain deformation having similar invariant kinematical properties. We show, however, that the non-universal plane strain solutions do not include a non-homogeneous, local simple shear deformation. We begin with a brief summary of the aforementioned exact solutions.
Review of previous results
Let V denote the left Cauchy-Green stretch tensor with the usual three principal invariants I k . For an incompressible material I 3 = det V =1 for all V. The incompressible, perfectly elastic Varga material, first proposed by Varga (9) and subsequently by Dickie and Smith (10) as a prototype for rubberlike materials, has a strain-energy function (λ 1 , λ 2 , λ 3 ) given by
where µ is a constant that corresponds to the linearly elastic shear modulus and λ k denote the three principal stretches. Hill and Arrigo (8, 11) subsequently showed that the modified Varga strainenergy function
also admits many of the formal advantages of equation (1). Here α 1 and α 2 are constants such that α 1 +α 2 = 2µ. Moreover, because of the additional material parameter α 2 , (2) provides an improved agreement with experimental results, as shown in (11) . In terms of the respective material and spatial rectangular Cartesian coordinates (X, Y, Z ) and (x, y, z) of a material point, the plane strain deformation
for an incompressible material must satisfy the constraint
where subscripts denote partial derivatives. It is shown by Hill and Arrigo (4, 8) that the equilibrium equations for the incompressible Varga material (2) admit the following three exact integrals for the plane strain deformation (3),
where (III) follows from (II) by the Adkins reciprocal theorem (12) . Subsequently, Hill and Arrigo (6) generalized these results and showed that all the above integrals arise as a special case of the following exact integral of the equilibrium equations:
where ψ(x, y, X, Y ) is given by
and a, b, c, d, e, f, and k denote seven arbitrary real constants. The purpose of this note is to show that ψ defined by
is the local rigid-body rotation angle, so that, for example, for the three integrals (5), we can associate
as definite expressions for the local rigid-body rotation angle. The reduction of (7) to (9) is described in (6) . To reach (II) in (9), for example, take a = b = c = e = f = k = 0 and d = 0 in (7); and use of b = c = d = e = f = k = 0 and a = 0 delivers (III). It can be shown by a similar calculation that the same ψ used for plane stress and axially symmetric deformations in Arrigo and Hill (5) also represents the local rigid-body rotation angle.
Anti-plane strain deformation analysis
The result presented in this section holds without imposition of any internal constraints, and we may consider a slightly more general anti-plane strain deformation of the form
for which the matrix of the deformation gradient tensor F = ∂x/∂X is given by
The deformation (10) describes a general plane strain deformation with variable transverse stretch λ(Z ) = z Z . The matrix of the Cauchy-Green deformation tensor B = FF T is thus given by
The polar decomposition F = VR in terms of the left Cauchy-Green stretch tensor V and the orthogonal rigid rotation tensor R can be used to obtain V and hence R; but usually this is a difficult task, so problems commonly are formulated in terms of B. Beatty and Hayes (13) have shown, however, that when the tensors are essentially two dimensional they may be written in the generic form
in which
relative to the orthonormal tensor product basis e k ⊗ e l . It is seen from (11) and (12) that F and B are of this form, and in this case Beatty and Hayes (13) show that the left stretch tensor is readily determined by V = V 2 + λ(Z )e 33 , where
1 2 denotes the two-dimensional identity tensor, and, by (11),
Hence, with the aid of (12) and (16), (15) delivers
in which ≡ trB 2 + 2 det
As a check, notice also that =trV 2 .
With the aid of (11) and (17), we are now able to find the local rigid rotation tensor given by R = R 2 + e 33 , with
We note that det V 2 = det F 2 and thus conclude from (17)
A routine calculation with (11) and (20) in (19) delivers the desired result
The angle of local rigid rotation about the e 3 axis is thus provided by
which coincides exactly with (8). Note that this result is independent of any internal constraint or the particular constitutive description of the hyperelastic material for which the general first integrals (5) were obtained. In addition, it is easy to show that the three principal stretches λ i are determined by
in which is defined in (18) and ε is given by
It is seen from (23) that
For plane strain deformations (3) of an incompressible material, we have λ = 1. We thus verify that I 3 determined from (23) reduces to equation (4) . In this case, with λ 2 = λ −1
1 , we note also that (2) reduces to the same form as (1).
The local simple shear solution
Consider any isochoric, plane strain for which λ 3 = 1, and hence λ 2 = λ −1 1 respects the volume control condition I 3 (V) = I 3 (B) = 1 for the left Cauchy-Green stretch and deformation tensors. Under these circumstances, it follows that I 1 (V) = I 2 (V), which further implies that I 1 (B) = I 2 (B), and conversely. Of course, the same statements apply to the invariants of the right CauchyGreen stretch and deformation tensors. Now, these characteristics are precisely the features of the principal stretches and invariants that describe a homogeneous simple shear of amount K = tan γ, where γ is the angle of shear in the plane of shear normal to the principal direction whose stretch is 1. For a non-homogeneous, isochoric plane strain deformation, we must have I 3 (B) = 1 and I 1 (B) = I 2 (B) at each point; and, hence, at each point a non-universal solution may be equivalent to a local simple shear, if the measures of strain and rigid rotation have the same values as those for a local simple shear of amount
− 2 in the plane of shear; see (14, section 45). The pure torsion case in Family 3 and another example contained in Family 5 of the known universal deformations suggest the possibility that the general integrals of the form (7) might include a local simple shear solution. We next review results for a local simple shear deformation and show that, except for a trivial solution, this class of non-homogeneous deformations is not a solution included among the general plane strain solutions (5) for a Varga material.
We first note that in general,
The principal stretches are given by the characteristic equation λ 2 − I 1 (V 2 )λ − 1 = 0, which yields the reciprocal values
Hence,
Clearly, the first of these relations is equivalent to (25) 2 . So far, the foregoing results hold at a point, for any isochoric, plane strain deformation that may be equivalent to a local simple shear of amount
Additionally, we recall that the local angle θ of rigid rotation in the equivalent simple shear is given by
Therefore, in terms of the local rigid-body rotation, the stretches (26) are determined by
The importance of identifying the rigid rotation in the general solutions (7) is amplified by expressions of this kind.
With these general results in hand, we return to the plane strain problem addressed earlier. It follows from (12) and (25) that, at a point,
where here we think of K = K (X, Y ). We also recall that for an isochoric plane strain det F 2 = 1, so that, by (16),
However, the rigid rotation angle is identified in (22). Because ψ = θ, use of (28) yields
Alternatively, (32) 2 together with (27) yields
Clearly, it is impossible to have a non-homogeneous, local simple shear deformation without rotation; and hence, for an equivalent non-homogeneous, local simple shear, we find that the case ψ = 0 in (9) 1 corresponds to only the trivial solution K (X, Y ) = 0. We note that the form of V 2 for a homogeneous simple shear in a general rectangular Cartesian frame is
Now, in order that (17) may be described as a local simple shear for which K = K (X, Y ) and (34) together with (31) hold at each point, we must have
Adding the first pair yields (30); and (31) and (35) 3 may be solved for
Use of (36) in (32) requires that (4 + K 2 )y X = 0. Therefore, from (35) and (36), we obtain
in which we note that, at most, K = K (Y ) must depend on Y alone. Taking the positive set, we find the isochoric, plane deformation solution characterized by an equivalent local, non-homogeneous simple shear must have the form
in which, by definition,
All of the foregoing conclusions for an isochoric plane strain are based on kinematics alone; they are independent of any constitutive equation. The equilibrium equations for the Varga material subjected to the plane strain deformation (3) yield the exact first integrals (9) . The first of these, by (32), yields only the trivial solution K = 0; that is, x = X, y = Y, z = Z , as remarked earlier. The second and third integrals in (5) and (9) are similar and for a local simple shear have the form (33), which is a function of Y alone. Consequently, the remaining solutions (II) and (III) in (9) 2,3 are clearly incompatible with a local simple shear deformation (38). Hence, there are no non-trivial local simple shear solutions in the class (9) . Notice that the same conclusion follows more directly from the equivalent form of the deformation gradient for local simple shear, namely, F = 1+K (X, Y )e 12 . Suppose that the assigned plane strain deformation may be equivalent to a local simple shear. Then comparison of this deformation gradient for the local simple shear with (11) for the plane strain problem leads to the same conditions provided in (37), and hence our former conclusions follow.
